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SUMMARY

Exponential upwinding in the Petrov—Galerkin method for convection diffusion problems is related to the use

of integrating factors for transforming the problem to a (symmetric) self-adjoint form. The technique yields
non-oscillatory approximations on coarse meshes.

INTRODUCTION

Both convection and diffusion enter as the important distinct effects governing transport processes.
The introduction of approximations in numerical methods influences the relative importance of
these two effects and can produce approximate solutions that are too dissipative or which exhibit
numerical oscillations.

Finite difference and finite element methods have been applied extensively to these problems. In
the finite difference method, the need to control oscillations has led to the use of backward
difference operators for the convective term (see for example, Reference 1). Similarly motivated,
Petrov—Galerkin methods have been employed with upwind biased test functions to produce finite
element methods that are not oscillatory. A variety of upwind basis functions have been suggested
and applied in pilot studies to the model convection-diffusion equation. Several examples may be
found in the A.S.M.E. monograph edited by Hughes.? Quadratic upwind test functions have been
used relatively frequently since they are simple to construct. More recently, Szymcak and Babuska®
have obtained estimates which imply that exponential upwind test functions may be preferable for
the model problem if the forcing data and coefficients are not well behaved. In the present study, we
examine the use of integrating factors for symmetrizing the model convection-diffusion problem
and relate this to exponential upwinding.

DISCUSSION

The model convection—diffusion equationon 0 < x < 1,¢t>1

du du ,0%u
o T B2 =1 ‘ )
and the steady-state form
du 20%uU
o s =f @

where a,p? > 0 are constants, have been frequently studied as prototype problems for developing
effective numerical techniques for transport processes. Initial conditions for (1) and boundary
conditions for (1) and (2) complete the mathematical statements of the problems.

0748-8025/85/020057-04$01.00 Received 10 September 1984
© 1985 by John Wiley & Sons, Ltd. Revised 7 November 1984



58 G.F. CAREY

A Petrov—Galerkin finite element approximation is obtained by introducing different trial and test
approximation spaces in the variational statements corresponding to (1) and (2).*> For simplicity,
let us consider the case of Dirichlet data. The approximate problem corresponding to (1) is: for any
¢t > 0 find u, ¢ H"satisfying the initial and boundary conditions and such that

1 1
Ouy, ouy, 20U Vp\ o i
J(atvh+aaxvh+ﬁ ™ ax)dx—-J'fvhdxforallvhe:H 3)
0 0
and for (2): find u;, € H" satisfying the boundary conditions and such that
1
Iy 20Un VA )y _ fyh
{ (cx ax Vh + B = o )dx ffvhdx forallv,e H Q)
0

The most common case is the piecewise linear basis for H" and the quadratically unwinded basis
for H" with scalar upwinding parameter w. Griffiths and Lorenz* have shown that the upwind
parameter can be chosen to yield a best ‘quasi-optional’ estimate of the form

!u - uh11 = (;:,‘,i?,lﬁ"lu - Wh‘] (5)

where u is the exact solution, u;, is the approximate solution and |-|; is the L?-norm of the derivative
(the H' semi-norm). However, for general data f, the constant C in this estimate is not bounded
uniformly in € = B« and k. In fact, if € < h then C = 1/h as h — 0. Szymcak and BabuSka have
subsequently shown that the use of an exponential test basis in (4) will yield the estimate (5) with C
independent of € and A, but in a non-standard norm.

The matrices arising from (3) and (4) for the standard Galerkin method include a skew-symmetric
matrix from the convection term and a symmetric matrix from the self-adjoint diffusion term. If «
> B? and h is not sufficiently small, the resulting discrete system is not diagonally dominant and
the solution may be oscillatory. ‘

Since the spatial operator is linear, the problem can easily be transformed to a ‘conservative’ form
that is self-adjoint by introducing an integrating factor. For the model problem, the integrating
factor is exp(—ax/B?), so that (1) and (2) become

e:ﬁ%(;—l:— + (~— B e:ﬁux)x = e:?%f (6)
and
(—Bz e:‘fzx-ux)x = e%xf (N

The corresponding Galerkin finite element approximations to (6) and (7) are

1 1
=% Juy, > =% duy, dvy =g
B B — 8
J (e o Vh + Be o O )dx J e fu,dx (8)
0 0
and
=X Juy, ov —ax
2 LB h h = 2
JjB e ax ox dx feﬁ frpdx (9
0

where the same basis functions are used for trial and test functions.
To relate the conservative form to the upwind Petrov—Galerkin method, set € = B%/a and note
that after integration by parts and simplification,

1 I
J Be “u'vidx = J (ou' — Bu"e © vdx (10)

0 0
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Let us consider the steady-state formulation (9).t Writing ¥ = e * v and integrating by parts as
in (10), this implies that (9) is equivalent to

i 1
j (aupvy + Brujvy)dx = [ fondx (11)
0

0

where v, = e vh and v, is the usual (e.g. piecewise-linear) test basis. Now, since v, is an
arbitrary member of the test space H”,

N
vy (x) = 'El b (x)
=

where ¢;(x) are piecewise-Lagrange polynomials. Then

N —x
Un(x) = ]El biec ¢; (x) =

mxxg)

- 2 Gh) . h=c < 4
(12)

where {¢;(x)} are exponentially upwinded test functions centred at x; and b; are arbitrary. Since (11)
must hold for all ¥, e H,, it suffices that we consider the upwind basis {¢} for v, in (11).

Hence, it follows that the conservative (integrating factor) formulation using the standard
Galerkin method in (9) is equivalent to a Petrov—Galerkin scheme with exponential upwinding. The
same result holds for the unsteady problem. This exponential test function differs slightly from that

of Szymcak and Babu$ka, who instead solve a boundary-value problem for the adjoint operator to
obtain the exponential test functions.
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Figure 1. Oscillatory approximations for model problem and standard Galerkin method (9) with a = 1, g = 1/24

As an example, let us take the steady-state problem (2) with a = 1, % = 1/24, f = 0, u(0) = 0,
u(1) = 1 and a piecewise linear basis. The standard Galerkin method (4) for the non-conservative
form (H" = H") produces oscillatory approximations on coarse meshes (h < 1/ 12), as in Figure 1.

tThe analysis for the unsteady problem (8) is essentially the same.
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Figure 2. Non-oscillatory solutions to model problem with symmetrization using the integrating factor or equivalent
exponential upwinding

The Galerkin method for the conservative form in (9) is not oscillatory, as seen in the results of
Figure 2.
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